The stability and spatial structures of short wavelength ideal magnetohydrodynamic ballooning modes ͑i.e., those modes with moderate to large values of the toroidal mode number, n͒ that can exist in regions of zero or small magnetic shear are investigated. This is a situation relevant to discharges with internal transport barriers ͑ITBs͒. The generic properties of such instabilities are discussed by considering the s -␣ equilibrium. In regions of low s the ballooning formalism fails for large but finite, values of n. In this limit a complementary approach is developed, based on solving the recurrence relation describing the toroidal coupling of radially localized ''modelets'' on adjacent mode rational surfaces. This technique extends the stability analysis to lower s and finite n, capturing effects arising from the discreteness of mode rational surfaces. Consideration of equilibrium trajectories in the s -␣ stability diagram corresponding to profiles of ITB discharges allows one to determine the global stability of such discharges to these modes. It is shown that the stability of ITBs can be parameterized in terms of ␣ max , the value of the peak ␣, and the steepness of the barrier pressure profile relative to the shape of the q profile. Inclusion of the stabilizing effects of favorable average curvature at finite aspect ratio, ⑀, leads to stable high-pressure ITB configurations. The stabilizing influence of low-order rational values of q min also emerges from the theory. The influences of the bootstrap current and plasma flow shear at ITBs are briefly discussed.
I. INTRODUCTION
Internal transport barriers ͑ITBs͒ in tokamaks [1] [2] [3] [4] [5] [6] are associated with low values of the magnetic shear, s ϭ(r/q)dq/dr, where q(r) is the radial profile of the safety factor, and by definition necessarily involve a localized steepening of the pressure profile. Thus their stability to short wavelength ͑i.e., nӷ1, where n is the toroidal mode number͒ ideal magnetohydrodynamic ͑MHD͒ ballooning modes becomes an issue. The generic features of the stability can be understood using the familiar ''s -␣'' stability diagram ͓␣ ϭϪ(2Rq 2 /B 2 )dp/dr is the normalized pressure gradient͔ which is obtained using the ballooning representation. 7 However this is normally considered in terms of solutions of the lowest order ͑in 1/n) ballooning equation and does not take account of the implications of the higher order theory for the radial structure of the modes, A(x), where x is a radial coordinate. To determine this structure one must specify equilibrium profiles as functions of x and solve the lowest order equation for its eigenvalue k(x,␥), where ␥ is the growth rate and k the radial wave number of the mode. A WentzelKramers-Brillouin ͑WKB͒ phase-integral determines ␥ and the mode envelope, A(x)ϳexp(i͐ k(x)dx).
At constant s this mode envelope is centred on the maximum of the ␣(x) profile. To represent the pressure profile near the ITB, which has a ''pedestal'' structure, we take ␣ in the form:
where ␣ max is the maximum value of ␣ in the ITB and the length L * is characteristic of the barrier width. This form describes a shallow, or ''weak,'' ITB as L * →ϱ and a steep and narrow, or ''strong,'' one as L * →0. It is important to stress that the global stability of any profile requires every point on it to be stable. Thus if one utilizes the second stability regime of the s -␣ stability diagram to achieve high values of ␣ max , one must ensure a route in the diagram that ensures the whole profile lies in stable regions.
The low values of s often associated with ITBs have a profound impact on the radial envelope of extended ballooning modes; [8] [9] [10] i.e., the envelope width, ⌬x/r, narrows as (L * /rnqs) 1/2 exp(Ϫc/͉s͉), where Re cϾ0. As a consequence, at small values of s, the envelope width approaches the distance, ⌬ mrs , between mode rational surfaces and the ballooning representation begins to fail; indeed at sufficiently small s the extended ballooning mode is replaced by a set of independent ''modelets'' that are located at each of the rational surfaces. The transition between extended ballooning mode structures and weakly coupled modelets as s becomes smaller, can be investigated by solving a simple recurrence relation satisfied by adjacent modelets, a technique employed earlier for drift waves. 8, 10 Experimentally it appears that ITBs may occur at a minimum in q where one can write qϭq min ϩqЉx 2 /2 ͑2͒ so that sϭ(rqЉ/q)x, where x is the radial distance from the minor radius r corresponding to q min and primes denote radial derivatives. Since sϰx→0 near q min , we see that ex-tended ballooning modes cannot penetrate to q min . The actual location of the ballooning mode is determined by a competition between the variations of both ␣ and s: the steepness of the pressure gradient, or high values of ␣, will drive this location towards q min , while the zero in s there will act to prevent this. As a result of the exponentially strong effect of the latter as s→0, the shape of the resulting envelope will be asymmetric, truncated somewhat on the side of q min . For situations where this competition leads to a mode localized at small values of s, the recurrence relation method is more appropriate. In Sec. II we introduce the s -␣ model for ideal ballooning modes and present a mild generalization of the ballooning transformation to accommodate the presence of q min . The standard procedure for calculating the radial envelope, and eigenvalue ␥, from the solutions of the lowest order ballooning equation using the WKB phase integral is outlined. In Sec. III we consider a two-scale calculation that is valid at low s and allows an analytic treatment. However this approximation fails to provide the information needed to calculate the radial envelope: the dependence on k(x,␥) is exponentially small and lost in this analysis. A variational approach 9, 11 allows one to recover this term. These results enable us to deduce the form of the recurrence relation between modelets that complements the ballooning representation as it begins to fail. Analytic solutions of the WKB and recurrence relation approaches are discussed in Sec. IV.
Using the ballooning representation and recurrence relation approaches, Sec. V examines the validity at low s of the s -␣ diagram for finite, but moderate to large, n, obtaining the finite-n modifications arising from the effects of the ␣ profile, characterized by the scale length L * , which are valid at low s. Within the ballooning formalism the analysis of the radial structure leads to finite-n corrections to the first stability boundary of the s -␣ diagram, ␣ 1 (s). These corrections are favorable, shifting the marginal ␣ to a slightly higher value. However, the radial analysis also predicts that the second stability boundary, ␣ 2 (s), is generally spurious, and that no stable ''global'' equilibrium with ␣ max Ͼ␣ 2 can be found. In contrast, analysis of the radial structure using the recurrence method reveals that, for a given value of n, some second stable regions do survive at low shear; i.e., globally stable equilibria with ␣ max Ͼ␣ 2 do exist. This is an additional finite-n effect associated with the discreteness of mode rational surfaces. It is not captured by the ballooning representation, but is present in the recurrence approach. In a real tokamak these stable regions may not be robust to variations in q min , but could be of value in interpreting MHD code results. We also explore the mode structures emerging from the recurrence method.
As mentioned above, in order to explore the global stability of an equilibrium with an ITB in this model one needs to consider the trajectories in the stability diagram corresponding to the ␣ and s of an ITB discharge. Section VI explores the competition between the low values of s near q min and the variation of the pressure gradient near the ITB in determining the mode location, structure and stability. Of more practical interest for ITBs in tokamaks, it is shown in Sec. VII that including the stabilizing effects of favorable average curvature ͑i.e., when q min Ͼ1) ͑Ref. 12͒ allows one to identify the conditions for global stability within this simple equilibrium model. While one might naively obtain similar results from the lowest order ballooning theory, the higher order theory has completely failed in this situation and the recurrence relation approach is essential to a consistent theory. A briefer treatment of this section has been published earlier. 13 Section VIII studies the results of the effect of a self-consistent treatment of the bootstrap current on the magnetic shear near an ITB.
Finally effects arising from the presence of a sheared plasma flow, which is often associated with an ITB, are briefly explored in Sec. IX. Section X provides a discussion and draws conclusions.
II. THE s -␣ EQUATION AND BALLOONING REPRESENTATION
In this section we consider the high-n, ideal MHD ballooning equation for the s -␣ equilibrium 7 and demonstrate the methods described in Sec. III for determining the mode structure. In terms of a radial coordinate x and a poloidal angle this equation takes the form of an equation for the perturbed radial plasma displacement ⌽(x,,,t)ϰexp(in ϩ␥t)⌽(x,), where ␥ is the growth rate
Here ␣(x/L * ) is given by a form such as ͑1͒. We have introduced an eigenvalue ␥ 2 in Eq. ͑3͒ that merely labels stability; this is sufficient for our main purpose of establishing stability boundaries. A more physical interpretation that properly describes the actual growth rate, ␥, is given in Appendix A and introduced into our final dispersion relation. When later we examine the global stability of q profiles with a minimum, we shall generalize this equation to include the formally small, in inverse aspect ratio, terms associated with a stabilizing favorable curvature, i.e., the Mercier term. 12 One approach to solving this equation is to Fourier decompose ⌽(x,) in terms of poloidal harmonics:
where u m (x) is normalized such that its square-integral is unity, but the stability problem remains two-dimensional in x and . However, when the magnetic shear is constant and other equilibrium variations are slow on the scale of the separation of rational surfaces, ⌬ mrs , one can reduce this twodimensional problem to two consecutive one-dimensional problems by using the ballooning transformation 7,14,15
in which is defined on the range ϪϱϽϽϱ. One is then permitted to introduce the nonperiodic eikonal form
in which k(x), the radial wave number, describes the radial amplitude variation. The high-n ideal MHD eigenvalue equation for the s -␣ equilibrium in ballooning space follows from applying the ballooning representation ͑6͒ to Eq. ͑3͒. The result is the familiar form
which determines (,k) and a local eigenvalue k(x,␥ ). If there are WKB turning points, i.e., where kϭ0, so that k(x) defines a closed loop in the k -x plane ͑with upper and lower branches labeled by k ϩ and k Ϫ , respectively͒, one obtains the usual WKB phase-integral condition 15 nqЈ ͵
where ᐉ is an integer and x L and x R are the left-and righthand turning points: k(x L,R )ϭ0. The integral ͑8͒ is over the shaded area in Fig. 1͑a͒ . If we suppose a simple model for
2 ͔ so that ⌬x corresponds to the mode width, then one can estimate ⌬xϰ(L/nqЈ) 1/2 from Eq. ͑8͒. We shall see later that ϳexp(1/͉s͉).
Alternatively, the trajectories in the k -x plane may be periodic in k and WKB solutions will couple an infinity of branches of k(x) ͓see Fig. 1͑b͔͒ . A treatment of such a problem for constant magnetic shear and linear plasma profiles, i.e., ϰx/L, has been given previously, 9, 16, 17 resulting in the eigenvalue condition
where now x L,R are the left-and right-hand turning points determined by cos k(x L,R )ϭϮ1, k ϩ and k Ϫ are the two principal branches of k in Fig. 1͑b͒ and ᐉ is again an integer. The left-hand side, an integral over x, can be recognized as the shaded area in Fig. 1͑b͒ ; one can readily convert this to a form expressed as an integral over k. 16 In this case one can estimate ⌬xϰL, the radial distance for cos k to vary between ϩ1 and Ϫ1, corresponding to a more extended mode.
However, near a minimum, q can be represented by the parabolic form ͑2͒ which leads to a linear dependence of shear: sϰx. The high-n mode stability problem appears to be a two-dimensional problem, namely in poloidal angle and radius x. However, as in conventional ballooning theory, it can again be reduced to a succession of two one-dimensional problems by introducing the eikonal representation for the perturbation; but it takes a slightly different form to account for the x variation of s:
This leads to the replacements: As a consequence one recovers the familiar ballooning equation ͑7͒ for (,k) but with the substitution:
so that there is an additional equilibrium dependence on x in the ballooning equation. The phase-integral eigenvalue conditions ͑8͒ and ͑9͒ are also modified: thus in place of these we have, respectively,
͑14͒
The left-hand side integral over x in Eq. ͑13͒ can now be recognized as the x-moment over the area of the loop in Fig.  1͑a͒ , that in Eq. ͑14͒ the same moment over the shaded area in Fig. 1͑b͒ ; as before one could readily convert these to forms expressed as integrals over k. 16 If the turning points are close and not too near xϭ0, so that they can be approximated by some average value x 0 , these conditions reduce to the standard forms with x 0 qЉϷqЈ(x 0 ).
III. ANALYSIS FOR LOW SHEAR
To apply the analysis discussed in Sec. II, it is helpful, and instructive, to use analytic solutions for the eigenvalues of the lowest order ballooning equation ͑7͒. Fortunately such an expression has been derived by Pogutse and Yurchenko 11 using trial functions in a variational form for Eq. ͑7͒. The trial function is based on a two-scale solution of Eq. ͑7͒ valid for small s. In this approach one introduces a slow dependence of on a scale uϭs(Ϫk), the natural scale of the secular terms in Eq. ͑7͒ ͑i.e., there is a ''stretching'' parameter, s), in addition to the periodic variation on 2. We briefly sketch the outline of their approach here.
Defining Gϭ1ϩ͓s(Ϫk)Ϫ␣ sin ͔ 2 and introducing VϭG
, we can write Eq. ͑7͒ in the ''Schrödinger-type'' form
After redefining the origin of (→Ϫk) it is convenient to introduce the two-scale approach, writing ‫ץ/ץ→ץ/ץ‬ ϩs‫ץ/ץ‬u and developing a self-consistent expansion, VϭV 0 ϩV 1 ϩ¯in powers of ␣ with the ordering sϳ␣ 2 . In leading order dV 0 /dϭ0, i.e., V 0 ϭV 0 (u), while in first order one obtains
͑16͒
Eventually one finds an equation for V 0 (u) in O(␣ 4 ); 11, 18 however for our purposes one can follow Ref. 11 and adopt a variational approach, using a trial function for V given by Eq. ͑16͒ with V 0 ϭ1 chosen for simplicity. It is instructive to calculate the ⌽(x) that results from this trial function. Inverting the ballooning transform for from V ͑after accounting for the factor G͒, by the necessary Fourier transform, one finds ⌽͑x, ͒ϭe
where tϭ(nqЈxϪm)/s and K 0 and K 1 are modified Bessel functions. Figure 2 shows the radial shape of the Fourier harmonics in Eq. ͑17͒. An important point is that these localized, isolated modes, located at each of the rational surfaces are not pure Fourier modes, but ''modelets'' containing weak sidebands. ͑If the coupling to sidebands were stronger and the modelet had significant harmonic content, the localization would continue to be primarily controlled by the smallness of s.͒ The choice of V 0 in Eq. ͑16͒ is satisfactory for marginal stability, ␥ϭ0, but does not capture the correct convergence of V 0 at large t due to inertial effects; as a result it leads to the logarithmic singularities at xϭ0 in K 0,1 , evident in Fig. 2 . A modification to V 0 for ␥Ͼ0 which removes this effect is discussed in Appendix A. Equation ͑15͒ can be derived from the variational quantity
͑18͒
First we expand
) n , retaining terms up to nϭ3, and insert this form into H, collecting the coefficients of the different harmonics in . The contributions to H from terms harmonic in can be readily evaluated by contour integration, expressing them in terms of the residues at the poles of ( 1ϩu 2 ) Ϫ1 , i.e., where ϪkϭϮi/s.
Since a term such as cos p produces a contribution that is exponentially smaller, i.e., ϰexp(Ϫp/͉s͉), one need only retain terms in cos and sin in the integrand of H in Eq.
͑18͒. Thus, on substituting the trial function V as given by Eq. ͑16͒ in the variational equation ͑18͒, Hϭ0, we finally obtain an eigenvalue equation Fig. 3͑a͒ . Thus for small s and ␣ it obtains the first and second stability boundaries as ␣ 2 /sϭ0.77 and 4.56 ͑i.e., to less than 4% accuracy for ␣ on the first stability boundary͒ and, furthermore, the term in exp(Ϫ1/͉s͉) arising from the variational principle ensures it is equally accurate at finite values of s and ␣.
It is worth emphasizing again that it is only through the variational approach that one can extract the nonanalytic dependence on s in the exponential function in Eq. ͑19͒; this term, which represents the weakening of toroidal coupling at low magnetic shear, was lost in the simple two-scale solution V 0 (u) of Eq. ͑16͒. The key element supplied by the variational treatment of Ref. 11 is the reappearance, in the zero order ballooning solution, of the true eigenvalue k(x,␥ ). As a result a calculation of radial model structure becomes possible.
The asymptotic analysis in powers of s 1/2 for low shear has been performed previously on the s -␣ equilibrium model 18 and also in an expansion of a general equilibrium around the magnetic axis. [19] [20] [21] [22] Slightly different equations for V 0 (u) emerge in these two problems, but in all cases no dependence on k is found since the O(exp(Ϫ1/͉s͉)) coefficient of k obtained by the variational method is not captured by the asymptotic expansion method.
The s -␣ equilibrium neglects terms in the inverse aspect ratio, ⑀. However including these introduces the stabilizing ͑if q min Ͼ1) effect of favorable average curvature, or the ''Mercier'' term, d M , where
This appears as an additional term on the left-hand side of Eq. ͑7͒, added to the term in ␣. This can be readily followed through the analysis and modifies Eqs. ͑15͒, ͑18͒, and ͑19͒, leading to the substitution
The s -␣, infinite-n, marginal stability boundaries at low shear, using the variational method Eq. ͑19͒. Dashed curves from two-scale power series expansion with sϳ␣ 2 Ӷ1; solid curves include exp(Ϫ1/͉s͉) terms. Discrete points are from numerical solutions of the full s -␣ equation. ͑b͒ Variational stability boundaries in the presence of favorable average curvature: qϭ3/2 and ⑀ϭ0, 0.05, and 0.3, where the higher values of ⑀ are further from the origin.
The effect of d M on the s -␣ diagram is shown in Fig. 3͑b͒ . We will return to the effect of d M when we discuss ITBs with a minimum in q in Sec. VII.
IV. SOME ANALYTIC RESULTS
If for the moment we suppose that the shear, s, is constant and the pressure profile variation leads to a quadratic dependence of ␥ on x/L, where x is measured from the most unstable position and L represents this equilibrium variation, then neglecting d M for simplicity, we can write Eq. ͑19͒ in the form
where
and ϭ(5␣/8)exp (Ϫ1/͉s͉). If we expand cos kϷ1Ϫk 2 /2 for small k and introduce this into the WKB condition ͑8͒, we obtain an eigenvalue condition
and mode width
Clearly this becomes very narrow as s→0 so that the validity condition for the ballooning representation ͓namely that ⌬x, the width of the mode envelope A(x), satisfies ⌬x ӷ⌬ mrs ϭr/(snq), the separation of mode rational surfaces͔, is then in question for physically reasonable, finite values of n. In the case of the more extended modes that exist for a linear profile of ␥ 0 2 , i.e., away from the maximum in ␥ 0 2 , the mode width is given by the range of x needed for cos k to range between Ϯ1. One deduces
where L 1 Ϫ1 ϭd␥ 0 2 /dx. As shown in Appendix C, Eq. ͑C5͒, the eigenvalue takes the form
where x 0 is the arbitrary center of the mode. It is interesting that this ''extended'' mode ͑25͒ can become narrower than the ''localized'' mode ͑24͒ as s→0. Similarly we expect that the radial mode structure will be strongly affected by the presence of a stationary point in q(r) ͓i.e., at xϭ0, when s ϭ(rqЉ/q)xϵx/r]. When ⌬xϳ⌬ mrs one can consider a complementary approach based on a recurrence relation between the amplitudes of modelets on each rational surface, i.e., the c m in Eq. ͑4͒. 8, 10 This relation could be determined by substituting the form ͑17͒ in Eq. ͑4͒ and integrating over x and . In general this will couple the different c m due to toroidal effects, the strength of the coupling also involving overlap integrals between the corresponding u m (x). As we have seen in Eq. ͑17͒ and Fig. 2 , at low s the u m (x) are localized near x ϭm/(nqs) so that only adjacent values of m will couple. Furthermore, any dependence on x can be replaced by one on the corresponding value of m/(nqs).
However one can determine the resulting structure of the recurrence relation from the dispersion relation directly from Eq. ͑19͒ as follows. In the ballooning limit the c m are slowly varying; indeed, as equilibrium variations approach zero they are constant up to a phase factor, i.e., one can set c m ϭexp(ikm). If the resulting dispersion relation is to lead to Eq. ͑19͒, then one can see that the recurrence relation must have the ''three-term,'' or ''tridiagonal'' form
where ␣ϭ␣(x/L * )→␣(m/(nqsL * ). The validity of relation ͑27͒ depends only on low s; unlike the ballooning representation, this implies that no constraints are placed on the parameter L * /⌬ mrs ϭnsqL * /r. The brief discussion above was in terms of the coupling between Fourier harmonics on adjacent surfaces. Strictly we have seen that the modelets ͑17͒ contain sidebands of order ␣, but these are still localized at the common surface. So the recurrence relation represents the coupling of these modelets, rather than simple Fourier modes. The contribution of the sidebands is reflected in the O(␣ 2 ) and O(␣ 4 ) terms in ␥ 0 2 . More generally the modelets might contain stronger harmonic content but because of the low shear they would remain localized and the recurrence relation would continue to involve coupling of the appropriate modelets on adjacent rational surfaces, i.e., remain a three-term recurrence relation.
To discuss the nature of the solutions of the recurrence relation it is convenient to expand ␥ 0 2 about its maximum in x ͑or m͒. Schematically one can then rewrite relation ͑27͒ as 
where the eigenvalue ⌫ϭ(␥ 2 Ϫ␥ 0 2 )/Ϫ2. It follows that ⌬mϳ 1/4 ӷ1 and the lowest eigenvalue is given by ⌫ ϭ Ϫ1/2 , corresponding to
which is equivalent to the result ͑23͒. Equations ͑23͒ or ͑31͒ reveal a stabilizing shift of the first stability boundary, with magnitude
These are the familiar 1/n stabilizing corrections to the infinite-n ballooning theory. There is no similar prediction for the second stability boundary. An equilibrium in which ␣ max Ͼ␣ 2 will, of necessity, contain ␣ values which will correspond to the maximum possible growth rate, and a finite-n ballooning mode will appear at the corresponding part of the pressure profile. Thus no ''second stable'' equilibria can exist. For arbitrary one can write ␥ 2 ϭ␥ 0 2 ϩa 0 (), where a 0 is the lowest eigenvalue of the Mathieu equation, shown in Fig. 20 .1 of Ref. 23 ; in fact result ͑31͒ remains reasonably accurate down to ϳ5. The marginally stable s -␣ curve for nϭ15 predicted by the recurrence relation approach is plotted in Fig. 4 and compared with the strongly coupled result ͑31͒ and the weakly coupled result ͑29͒. The n→ϱ result is shown for comparison ͑dotted curve͒, indicating the stabilizing effects of finite-n. We note that at finite-n one must specify the position of the nearest mode rational surfaces m 0 ϭnq(x) relative to ␣ max . This is characterized by ⌬q ϭm 0 Ϫnq; Fig. 4 assumes ⌬qϭ0 .
One can also consider the case where ␥ 0 2 is a linear function of x, which led to the ''extended'' ballooning modes. Equation ͑28͒ is replaced by
where 1 ϭ(1/nqЈ)d␥ 0 2 /dxϭ(r/snqL 1 ). As shown in Appendix C, one can obtain an analytic solution for ␥ 2 and the c m for arbitrary 1 ϭ/ 1 . 24 We find c m ϭJ mϪp (2 1 ), corresponding to ⌬mϳ 1 , where the integer p labels the eigenvalue:
Thus p specifies where, i.e., mϭp, along the linear profile the mode is centered. The result ͑34͒ corresponds to Eq. ͑26͒.
V. STABILITY AT LOW SHEAR
In the previous section we have discussed the impact of low shear on the validity of the ballooning representation used to calculate the s -␣ stability diagram. Its validity depends on the parameter ӷ1, i.e., sӷ͕2 ln͓r/(snqL)͔͖ Ϫ1 or, alternatively, nӷ(r/sqL)exp (1/2͉s͉) . In principal one can always choose sufficiently large n to satisfy this, but for realistic values, say nϳ50, this requires sӷ0.1. Even if we assume sufficiently large n, the application of the simple WKB condition ͑8͒ has limited validity. Thus if we estimate kϳ1/(nqЈ⌬x) with ⌬x from Eq. ͑24͒, then as s→0, k is no longer small; indeed once kϳ1 one must retain the full cos k function to solve for k(x). Then as k→ and cos k→Ϫ1 one loses the WKB potential well and one can only consider the extended modes satisfying Eq. ͑33͒. This is found to occur when sϭ1/͕2 ln͓(2 1/2 / 2 )r/(snqL)͔͖; such a boundary has been confirmed by a full numerical solution of Eq. ͑7͒, as shown in Fig. 5 . However, as Eq. ͑25͒ demonstrates, the widths of the extended modes in this case are comparable with ⌬ mrs and the ballooning representation is again inappropriate.
It is therefore necessary to use the recurrence relation approach to determine stability and mode structures at low s for realistic n values. It is clear from Eqs. ͑23͒ and ͑31͒ and Ref. 23 that for the case of a ''quadratic potential,'' x 2 , the stability boundary given by the WKB approach remains valid   FIG. 4 . Finite-n corrections to infinite-n stability, using the recursion method (nϭ15, qϭ5/3, L * /rϭ0.2, and ⌬qϭ0). Solid curve from exact solution of Eq. ͑27͒; dashed curve is the analytic result ͑29͒ for nq exp(Ϫ1/2͉s͉)Ӷ1; chain curve is the analytic approximation ͑31͒ for nq exp(Ϫ1/2͉s͉)ӷ1; dotted curve is the infinite-n boundary. down to ϭ/ϳ5-7, at which point the corrections to the two-scale growth rate, ␥, are negligible. We return to the more complete form ͑1͒ for ␣(x) with xϭm/(nqs) and insert it in the recurrence relation ͑27͒. Figure 5 also shows a comparison of the solution with the WKB approximation. ͓Clearly, for sufficiently small values of the argument of ␣(x/L * ) the result reduces to the quadratic form in Eq. ͑28͒ and the analytic solution of Sec. IV.͔ Figure 6 shows the resulting impact of finite-n on the s -␣ stability diagram at low s. As discussed in Secs. III and IV, both the destabilizing effects of ballooning, i.e., coupling between adjacent rational surfaces, and the stabilizing effects of finite-n become exponentially weak at low values of s. Thus the ''first'' stability boundary, ␣ 1 (s), is close to the original s -␣ curve. As noted earlier, the stabilizing effects are the usual 1/n stabilizing corrections to the infinite-n ballooning theory, but there is no corresponding prediction for the second stability boundary. An equilibrium profile with ␣ max Ͼ␣ 2 (s) will necessarily contain ␣ values in the unstable range, ␣ 2 Ͼ␣Ͼ␣ 1 , thus a finite-n ballooning mode will appear at that part of the profile corresponding to the maximum possible growth rate.
However, because we are using the recurrence approach which is valid at arbitrarily small shear, we find a different finite-n effect and this does predict that a second stability boundary survives at low s, as shown in Fig. 6 . This can be understood as follows. At finite values of n the different rational surfaces correspond to discrete differences in ␣. Then one can have a situation in which ␣ max Ͼ␣ 2 while adjacent rational surfaces correspond to ␣Ͻ␣ 1 , so that one can expect the whole profile to be stable. If, for definiteness, we suppose the surface mϭ0 to be at ␣ max , then the mϭϮ1 surfaces have ␣ϭ␣ max sech 2 (r/nqL * s). These rational surfaces can be considered to be ''beads'' lying on a constant s slice through the s -␣ diagram, as shown in Fig. 7 Fig. 6 and reflect the structure of the recurrence relation solutions. Of course, as ␣ max continues to increase one must consider higher and higher bands with values of ␣ lying in the tail of the pressure profile ͑1͒ so that adjacent harmonics will have almost the same ␣; it then becomes impossible to bridge the unstable zone. But because of the rightward migration of the bands this only occurs for extremely large ␣ max . These finite-n results are reminiscent of the stability of low n ''infernal'' modes that occur at low shear. 25 This argument supposed that the ␣ max corresponded exactly to a rational surface; if mϪnqϭ⌬q 0 the situation is more complex. Because of the symmetry of ␣(x) one need only consider ⌬qϾ0 and since ⌬q→⌬qϩ1 merely corresponds to a relabelling of m 0 , it is sufficient to consider 0 Ͻ⌬qϽ1. Figures 8͑a͒ and 8͑b͒ show representative examples: namely for ⌬qϭ1/4 and 1/2. The bands are displaced and change in width: for ⌬qϭ1/4 they are narrower and lower, broadening and lifting for ⌬qϭ1/2. Thus as ⌬q is varied, the bands of s -␣ stability in the second stable zone distort and migrate in a complex manner. However it is clear that if all values of ⌬q in ͓0,1͔ are admissible, then no second s -␣ stable region survives. One can see this as follows. Suppose the stable band arises because the first mode rational surface at ␣ max lies in the second stability region, ␣ 2 Ͻ␣, and the next one is below the first stability boundary, ␣Ͻ␣ 1 . Then as ⌬q increases from 0 to 1 at constant s, the position of the first mode rational surface migrates to lower values in ␣ until it reaches the position of the next mode rational surface, i.e., ␣Ͻ␣ 1 . Thus it must have passed through the unstable band, ␣ 1 Ͻ␣Ͻ␣ 2 , on the way. Since, in general, a tokamak can adopt any value of ⌬q during the evolution of its q profile, particularly at higher n values, this cannot be regarded as a controllable parameter and these bands have little practical significance. However these insights on stability may be of value in interpreting the output of MHD stability codes. We will return to this topic when we discuss ITBs at a minimum in q, where these finite-n effects from ⌬qϭm 0 Ϫnq min may play an important role. It is also interesting to examine the variation of the spectrum in m of the eigenmodes as s decreases. As shown in Fig.  9 , this spectrum narrows as s decreases. Indeed, in the limit s→0 only isolated modelets remain.
VI. STABILITY OF AN ITB AT A MINIMUM IN THE SAFETY FACTOR
The form ͑1͒ can also be used to examine the role of a radial profile in ␣ in the presence of q min when s is given by Eq. ͑12͒, a situation relevant to ITBs. Since we are interested in regions of x corresponding to low s, we shall adopt the recurrence relation approach alone as we have seen above that it remains valid for all n. Since the rational surfaces correspond to mϭnq(x), when ⌬qϭm 0 Ϫnq min ϭ0 we can replace x in Eqs. ͑1͒ and ͑12͒ in terms of m using
͑35͒
so the rational surfaces appear in pairs for given mϾ0, one on each side of q min . The s -␣ model predicts stability for sϽ0, so we need only consider surfaces with xϾ0. Because of the localization of the modelets, coupling to those with xϽ0 through nonresonant poloidal harmonics, 26 i.e., those with mϽnq min so that they have no mode rational surface in the plasma, is extremely weak. It should be noted the harmonic content of each modelet also involves coupling to nonresonant modes, but ones located at the same mode rational surface.
We introduce expressions ͑1͒, ͑12͒, and ͑35͒ into the recurrence relation ͑27͒. The dependence of s on m introduces a strong m-dependence into the coupling term. For simplicity, we neglect the slight asymmetry in the coupling of modelets centred at x m to those at x mϮ1 due to the radial variation of the shear between x mϩ1 and x mϪ1 ; for smaller m, where it becomes more significant, the coupling is weak anyway. We can identify three parameters: ␣ max , r 2 /(L * 2 ), and /(nq). The second parameter originates from the radial variation of ␣ at fixed nq and, likewise, the third results from that of s. While the last of these parameters clearly measures the effect of finite-n, the first two define a trajectory in the s -␣ stability diagram corresponding to the radial profiles of s and ␣ through the ITB. As we move from q min , where s ϭ0 and ␣ϭ␣ max , the direction of this trajectory is controlled by the parameter r 2 (L * 2 ). Consequently, in the absence of finite-n effects, one moves from the second stability region, through an unstable band of ␣ before emerging into the first stability region.
As in the case of constant s, it is possible to find stable bands for ␣ max Ͼ␣ 2 (s) at finite-n, due to the discrete spacing of mode rational surfaces. This is displayed in Fig. 10 where the trajectory of ␣ given by Eq. ͑1͒ when ␣ max coincides with q min , is shown in the s -␣ stability diagram. The discrete mode rational surfaces in this figure correspond to the choice nϭ12, q min ϭ3/2. However, as pointed out in Sec. V, although a particular mode number, n, corresponds to one particular value of ⌬qϭm 0 Ϫnq min , other choices of n ͑and m 0 ) produce many different values of ⌬q in the range 0 Ͻ⌬qϽ1. If ⌬q is varied continuously from zero to unity the mode rational surface at q min moves continuously along the trajectory in s -␣ space, and must inevitably pass through the unstable band ͓␣ 1 ,␣ 2 ͔. This suggests that in endeavoring to interpret data from real discharges, we should regard all values of ⌬q as available. In this case, finding a globally stable equilibrium with an ITB at q min becomes impossible. However, it is worth remarking that when the minimum value of q coincides with a low-order rational, the possible values of ⌬q are greatly restricted. In the extreme case where q min is an integer, only one value of ⌬q ͑i.e., ⌬q ϭ0) is possible. In this case the discreteness of the mode rational surfaces at finite-n may play an important role in permitting higher values of ␣ max .
The corresponding spectra in m of the eigenmodes, see Fig. 11 for an example, are offset from mϭ0, i.e., q min , and are somewhat asymmetric, in contrast to the results in Fig. 9 . This asymmetry is because the coupling between adjacent m vanishes exponentially, i.e., as exp(Ϫ1/͉s͉) on the small s side near q min . Larger values of r 2 /(L * wards mϭ0. While the latter can have an effect, it can never win because of the exponentially weak coupling near q min . However, since the spectrum peaks where ␥ 0 2 is a maximum, its shape is largely dominated by the ␣ profile and the asymmetry is relatively weak.
VII. EFFECT OF FAVORABLE AVERAGE CURVATURE
We have seen that for sufficiently large n the s -␣ equilibrium is inevitably unstable for ITB profiles at some radial point. However, the picture is changed by the inclusion in the model of stabilizing favorable curvature when q min Ͼ1, i.e., the Mercier term, d M , in Eq. ͑21͒ that is formally small in the inverse aspect ratio, ⑀. This is because this term has the effect of preventing the unstable region reaching all the way to sϭ␣ϭ0, allowing a globally stable route from ␣ϭ␣ max , sϭ0 to higher s and lower ␣. Since Eq. ͑20͒ shows d M ϰ⑀, in what follows we use the parameter ⑀ alone to label the effects of d M . This is strictly true for large q: the effect of finite q can be recovered by the substitution ⑀→⑀(1Ϫq Ϫ2 ). Figure 3͑b͒ shows the effect of the d M term on the s -␣ diagram for two values of ⑀. Figure 12 shows the stability boundaries at ⑀ϭ0.1, together with two examples of marginally stable pressure profiles (␣ϭ␣(x/L * )), one with r 2 /(L * 2 )ϭ25 and the other having r 2 /(L * 2 )ϭ1/100. The locations of the discrete mode rational surfaces are shown as points on the two curves, for the choice nϭ12. At high n the mode rational surfaces become closely spaced, requiring that the ␣ϭ␣(s) trajectories are tangential to the stability curve at marginal stability. At lower values of n, ␣ max may be increased, until one of the mode rational surfaces lies on the marginal s -␣ boundary. This discreteness of the mode rational surfaces suggests higher ␣ max values are possible. However, as noted earlier, if ⌬qϭm 0 Ϫnq is regarded as continuously varying, each mode rational surface may be moved continuously to the next location, ensuring that marginal stability is again determined by the tangent condition. Again we note the importance of q min passing through integer ͑or loworder rational͒ values. This greatly restricts the possible values of ⌬q and ensures that greater values of ␣ max are possible.
We have mapped out the stable operating regime in terms of the parameters ␣ max and r 2 /(L * 2 ). This is shown in Fig. 13 for fixed values of n, q, and two representative values of ⑀. Figure 13 demonstrates that there is always stability if ␣ is sufficiently low ͓␣ max Ͻ␣ crit (ϱ), the dashed horizontal asymptotes͔, no matter how large the value of L * /r, even when n→ϱ. One can obtain an analytic scaling for ␣ crit (ϱ) from the high-n limit of the eigenvalue condition ͑19͒. ␣ crit (ϱ) is given by the minimum of ␣ with respect to s on the marginal stability curve, ␥ϭ0. Since for small ⑀ we are considering low s, the toroidal coupling term proportional to exp(Ϫ1/͉s͉) can be ignored. One then finds
.
͑36͒
However there is also stability for
is sufficiently large to ensure a trajectory that skirts the nose of the marginal stability boundary. It is also possible to obtain an expression for this limiting value of ␣ max , as a function of L * /r, in the limit of small L * /r, i.e., corresponding to a strong ITB. Substituting xϭsr/, this limiting value, ␣ crit , is determined by the intersection of the resulting ␣(s) given by Eq. ͑1͒ with the marginal stability curve including L * /r. Assuming sr/L * ӷ1 it is possible to solve for ␣ crit (r/(L * , while for s c Ͼ0.1 it is remarkably well fitted by s c ϭ0.23ϩ⑀, as shown in Fig. 14. Equation ͑36͒ indicates that the asymptote ␣ max ϭ␣ crit (ϱ) scales as ⑀ 1/3 while Eq. ͑37͒ shows how large values of ␣ max are possible for narrow ITBs, i.e., as L * /r becomes small. This demonstrates that an ITB can sustain high pressure gradients that are stable to ideal MHD ballooning modes, provided the barrier is sufficiently steep. It is also clear from Eqs. ͑36͒ and ͑37͒ that the increment in ␣ through the ITB (⌬␣ϳ␣ max L * /r) has a minimum as a function of r 2 /(L * 2 ), but increases without limit as r/L * →ϱ. To summarize, there is stability if ␣ is sufficiently low (␣ max Ͻ␣ crit (ϱ)), for any value of L * /r, but low values of L * /r permit arbitrarily steep barriers, as indicate by Eq. ͑37͒. Although we have derived the above results using the lowest order ballooning theory, the very existence of a consistent description of the radial mode structure at low s depends on there being a solution of the recurrence relation.
VIII. EFFECT OF THE BOOTSTRAP CURRENT
The steep plasma gradients associated with an ITB drive a large bootstrap current, j bs , 27 which can modify the magnetic shear. In a large aspect ratio tokamak, j bs takes the form 
͑39͒
where n e is the electron density and T e,i are the electron and ion temperatures. This can be expressed as
where f ͑ , e , i ͒ϭ 2.44͑1ϩ ͒ϩ0.69 e Ϫ0.42 i 2͑1ϩϩ e ϩ i ͒ ͑41͒
with ϭT e /T i and j ϭd(ln T j )/d(ln n e ). As a result the magnetic shear, s, can be written as
where s ϱ is the background shear in the absence of the ITB.
Thus large values of ␣ can lead to negative values of s, even if s ϱ Ͼ0. The effect of j bs is largest for electron density barriers: taking ϭ1 for simplicity, f →0.07 if e ϭ i ӷ1, whereas f →0.61 for e,i Х0.
One could deduce the trajectory in s -␣ corresponding to a general s ϱ (x) and ␣(x) and determine the conditions for stability to high-n modes. However, since j bs can lead to s Ͻ0, even for constant s ϱ , we consider just this case to illustrate its impact. Clearly Eq. ͑42͒ then follows a linear trajectory whose gradient depends on f (, e , i ) and ⑀, provided d M Ͼ0, this can remain in a stable region of s -␣ if s ϱ is not too large, as shown in Fig. 15 . Here the profile trajectory starts from s ϱ and ␣ ϱ ͑the value of ␣ remote from the ITB͒ at its left-hand end, traverses to s(␣ max ) and ␣ max at its righthand end, i.e., the center of the ITB, and then returns to s ϱ and ␣ ϱ as it emerges from the ITB on the other side. Clearly this imposes no limit on ␣ max : increasing ␣ max merely takes the trajectory into the stable sϽ0 region. Again one can calculate the limiting stable trajectory, namely when Eq. ͑42͒ is tangential to the s -␣ stability boundary, ␣(s).
Comparing Figs. 15͑a͒, 15͑b͒ with Figs. 15͑c͒, 15͑d͒ we see that varying ⑀ ͑at fixes q͒ has only a weak effect on the critical value, s ϱc , of s ϱ . For example, when e,i ϭ20, s ϱc varies from 0.46 to 0.59 as ⑀ varies from 0.1 to 0.3. This can be understood as follows: as discussed in Sec. VII, the stability boundary migrates towards sϭ␣ϭ0 as d M 
ϭ0.
Thus consideration of a self-consistent treatment of the bootstrap current together with favorable average curvature, shows that there is no limit on ␣ max , provided the background magnetic shear exceeds a critical value; this critical value is larger for density barriers than thermal ones.
IX. FLOW SHEAR EFFECTS
Internal transport barriers are associated with a region of strongly sheared toroidal plasma flow. Such flows tend to stabilize ideal MHD ballooning modes. 29, 30 Their main effect in the stability analysis is to introduce a radially varying Doppler shift to the mode frequency:
␥→␥ϩin⍀͑x͒, ͑43͒
where ⍀ is the toroidal angular velocity of the flow, normalized to the Alfvén frequency, into the dispersion relation ͑19͒. This in turn modifies the coefficient of c m in the recurrence relation ͑27͒. Because of the explicit n in the replacement ͑42͒, this dependence will often dominate profile effects from ␣(x), e.g., if flows exceed diamagnetic levels. In the simple case of both constant magnetic shear and flow shear, 29, 30 an analysis similar to that in Appendix C leads to a set of modes with the structures ͑C7͒ ͓i.e., with Fourier amplitudes J m (/ ⍀ )ϵI m (/͉ ⍀ ͉), where ⍀ ϭϪid⍀/dqϳO(1) and I m is a modified Bessel function 23 ͔, each centered on a different mode resonant surface, say m ϭp, and having a corresponding real frequency ⍀ϭ⍀ 0 ϩ pd⍀/dq. Since these frequencies differ by O(1) the modes do not couple significantly, so that each corresponds to an eigenmode. The value of p corresponding to the maximum value of ␥ 0 will give the most unstable mode. Because ϰexp(Ϫ1/͉s͉) the harmonic content of these ''extended'' modes is in fact limited to mϭ p for finite (d⍀/dq).
In the presence of an ITB the plasma flow is normally localized near the barrier and a more realistic model for the toroidal angular velocity of the flow is given by a similar form to Eq. ͑1͒ for ␣(x), namely:
The flow shear can then have a similar effect to the ␣ profile in destroying extended ballooning structures. For simplicity we consider constant but low values of s, retain terms quadratic in x from Eq. ͑44͒ and neglect the variation in ␣(x).
Replacing ␥ 2 in the recurrence relation by the correct inertial form ␥s but with the substitution ͑43͒ we see that we replace in Eq. ͑28͒ by ⍀ ϭϪi(⍀ 0 /2)(r/nqsL ⍀ ) 2 . Therefore we expect to obtain a transition to a narrow spectrum of modes when ͉ ⍀ ͉ϳ1, where ⍀ ϭ/ ⍀ , i.e., r/͑qsL ⍀ ͒ϳn͑ 5␣/4⍀ 0 ͒ 1/2 exp͑Ϫ1/2͉s͉͒. ͑45͒
Solutions of the recurrence relation could be solved with the form ͑2͒ for q near q min , but basically one would find a mode with a real frequency ⍀ 0 whose growth rate is given by ␥s ϭ␥ 0 2 .
X. DISCUSSION AND CONCLUSIONS
We have explored the stability of configurations with low magnetic shear, s, including those with a minimum in q, which are of interest to tokamak discharges with ITBs. Before discussing our results in detail we list the principle outcomes of this work.
͑1͒
At low s, a novel recurrence relation approach has been developed; this replaces and complements the ballooning transformation, which fails in precisely this regime for reasonable values of n. ͑2͒ This has been used to analyze the stability of the s -␣ equilibrium at low s: considerations of the global stability of an entire ␣ profile imply that the concept of second stability is of limited significance. ͑3͒ However the recurrence approach incorporates effects from the discreteness of mode rational surfaces, entirely absent from the ballooning transformation, even at high-n. ͑4͒ This does allow the possibility of bands of stability in the second stable region, but for constant shear these are not of practical significance, other than interpreting results from more sophisticated MHD codes. ͑5͒ However, analysis of the situation with a minimum in q demonstrates that low order rational values of q min are particularly stable as a consequence of these discreteness effects. ͑6͒ Inclusion of the stabilizing effects of favorable average curvature in the case of q min allows high stable values of ␣ when the ITB is sufficiently narrow. ͑7͒ Consideration of the bootstrap contribution to the magnetic shear in the presence of favorable curvature shows that stable ITB configurations with finite shear are possible; the required shear is lower for density barriers than for thermal ones. ͑8͒ Plasma flow shear can readily break up ballooning mode structures, particularly at low s.
Now we discuss these points in more detail. The fact that sϰx near q min , where x is the distance from q min as shown in Eq. ͑12͒, has necessitated exploration of the validity of the ballooning representation at low s. At small s the stability of ballooning modes can be studied using a two-scale analysis of the lowest order ballooning equation. A straightforward application of this approach fails to provide an equation for the radial envelope of a ballooning mode. One can recover the exponentially small terms that determine this by invoking a variational approach with the two-scale solution as a trial function; this provides an analytic expression, Eq. ͑19͒, for the WKB wave-number k(x,␥) of the ballooning modes as a function of the radial profiles of s and ␣. ͓In the case of equilibria with a q min surface, a minor modification of the eikonal in the ballooning transformation is necessary, Eq. ͑10͒, but this merely leads to an eigenvalue equation that recognizes the x dependence of s.͔ It transpires from a WKB analysis that stringent conditions on the largeness of n must be imposed ͑see Fig. 5͒ if the ballooning representation is to be valid for modes located at low s. These values of n (nqϾexp(1/͉s͉)) can be well beyond those needed for the applicability of a simple MHD plasma model ͓for example, the condition that the wavelength is greater than the ion Larmor radius, , i.e., n Ͻ(a/q), could be typically nϽ10 2 ; diamagnetic effects could enter at even lower values͔. Furthermore, as s decreases the ballooning representation predicts a transition from modes localized near the maximum value of ␣ to a type of mode located on a linear part of the ␣ profile which, at sϳ1, would be more extended. However, at small s these are in fact narrower modes than those located at the maximum ␣ and therefore less important.
At lower values of n the extended ballooning mode collapses onto isolated modelets at each rational surface ͑Fig. 2͒. The effect of finite-n and profile effects on these structures can be analyzed using the three-term recurrence relation, Eq. ͑27͒ satisfied by the amplitudes of these modelets. The validity of this three-term recurrence relation depends precisely on small s, so this technique provides just the required complementary approach to the ballooning representation that itself fails in this very situation. ͓Indeed for more complex geometries the localized modelets may contain a rich harmonic content, but the recurrence relation will continue to involve only c m and c mϮ1 -space couplings to c mϮp will be ϳexp(Ϫp/͉s͉), hence exponentially smaller for small s.͔ This approach allows us to follow the transition from extended ballooning mode structures to a narrow spectrum of modelets as magnetic shear reduces and finite-n effects increase. For the simple cases of constant s and an ␣ profile with a maximum and one that is linear, analytic solutions can be obtained; in more general cases, such as the profiles associated with an ITB, numerical solutions are readily obtained. For the case of constant s and an ␣ profile given by Eq. ͑1͒, Fig. 5 compares stability boundaries resulting from the recurrence relation with those from the ballooning representation, while Fig. 9 shows how mode structures narrow as s decreases.
It is worth emphasizing that when the stability of a whole profile is considered second stability can become meaningless at high n: even if ␣ max lies in ''second stability'' ͓␣ max Ͼ␣ 2 (s)͔, unstable lower values of ␣ are inevitable somewhere in the profile. However consideration of moderate n effects, say nϳ15, shows that stable bands can exist even for ␣Ͼ␣ 2 (s) as shown in Fig. 6 . Figure 8 shows the effect on the bands of different values of ⌬qϭm 0 Ϫnq. Both these figures show how the predictions from the recurrence relation for the stable bands can be well represented by analytic results obtained from the positions in the s -␣ stability diagram of the mode rational surfaces near q min . Thus, if for example, the mode rational surface nearest to ␣ max lies be-yond ␣ 2 , yet the adjacent ones lie below ␣ 1 , then the configuration should be stable as no harmonic lies in the unstable zone. However, it is unlikely that one can control ⌬q during the evolution of q and ␣ max in a tokamak, particularly for higher n, so these bands will have little practical significance. Nevertheless, these results may be of value for interpreting the output of MHD stability codes used to analyze ITBs.
Turning to the situation of interest, profiles corresponding to an ITB at a discharge with a minimum in q, the recurrence relation has been solved using representative ␣ and s profiles given by Eqs. ͑1͒ and ͑12͒, respectively. At constant n and q, this situation is parameterized by two key quantities: ␣ max and r 2 /(L * 2 ). These govern the trajectory of the equilibrium profiles in the s -␣ stability diagram. For large ␣ max and r 2 /(L * 2 ) the trajectory crosses the unstable region at higher s values: the location being dominated by the ␣ profile. For such a situation an unstable mode is found, located away from q min and more extended in m; nevertheless the exponentially weak toroidal coupling at low s results in a somewhat asymmetric m-spectrum. For lower r 2 /(L * 2 ) the trajectory crosses the unstable region at lower s and the presence of q min dominates the behavior: the spectrum is located near sϭ0 and is somewhat narrower and asymmetric, as shown in Fig. 11 . ͑Of course, moving inwards into regions of negative s, one only encounters stable regions in the s -␣ model.͒ In all cases the extremely weak coupling at low s prevents ballooning mode structures penetrating to q min . Again it is possible to locate bands of stability due to moderate n when ␣ max lies beyond ␣ 2 . Unlike the case of constant shear, the existence of this effect indicates that discharges with low order rational values of q min will have particularly favorable stability properties. It is interesting that, experimentally, ITB formation appears to be facilitated in these circumstances.
The simple s -␣ model clearly does not allow globally stable ITB equilibrium profiles at high n. However inclusion of the formally small, in inverse aspect ratio ⑀, terms associated with favorable average curvature, Eq. ͑21͒, has a dramatic effect on the low s part of the stability boundary, as shown in Fig. 3͑b͒ . In fact it allows a stable route from high ␣ max and low s, characteristic of the ITB pedestal profile, to low ␣ and moderate s as appropriate to magnetic surfaces away from the ITB itself. The solution of the recurrence relation then allows us to construct an operating diagram ͑Fig. 13͒, parametrized in terms of ␣ max , ⑀, and r 2 /(L * 2 ) ͑for given n and q͒, for ITB discharges that are globally stable to high-n ideal MHD modes. This diagram shows that ITBs with high ␣ max can be stable if r 2 /(L * 2 ) is sufficiently high, i.e., the barrier is narrow. Equations ͑36͒ and ͑37͒ provide analytic scalings for the limiting values of ␣ max with ⑀, namely ⑀ 1/3 for small ⑀, in the two limits of small and large L * /r. One can, of course, reach similar conclusions based on the lowest order s -␣ stability diagram. However a key point is that at low s no consistent higher order theory exists within the ballooning representation: one is certainly not describing radially extended ballooning modes at low s. The recurrence relation technique provides a sound approach, which precisely complements the failing ballooning theory at low s. Although stability boundaries remain approximately the same, the modes only couple a small number of rational surfaces.
The self-consistent treatment of the effect of the bootstrap current on the required magnetic shear near an ITB shows that, in the presence of favorable curvature, one can have stable profiles at finite background shear. There is then no limit on the maximum pressure gradient in the ITB, provided that the background shear, s ϱ , is less than a critical value, s ϱc . The values of s ϱc typically lie above 0.5, with thermal barriers requiring lower values than density barriers, as shown in Fig. 15 .
Finally, we have briefly investigated the impact of a sheared plasma rotation, ⍀, with the profile given in Eq. ͑44͒, on the mode frequency and growth, estimating when this disrupts extended ballooning modes in Eq. ͑45͒.
In summary, we have explored the stability of ideal MHD ballooning modes at moderate to high n for a situation corresponding to an internal transport barrier near a minimum in q. This configuration has been modelled by the s -␣ equilibrium, self-consistently taking account of the low shear near q min , Eq. ͑12͒, and the steep pressure gradients in the barrier in the radial profiles of ␣(x), Eq. ͑1͒. The stability of such profiles depends on following their trajectory in the s -␣ stability diagram, suitably modified for finite-n profile effects. The effects of including the stabilizing finite-n and favorable average curvature at low s have been shown to be important for the overall stability of an ITB configuration. Low order rational values of q min have been shown to have particularly favorable stability properties. Furthermore, the combination of favorable average curvature and the bootstrap current is shown to allow unlimited values of ␣ max for finite values of magnetic shear. The effects of plasma flow shear have also been briefly addressed.
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APPENDIX A: THE INERTIAL TERM
The eigenvalue ␥ 2 introduced in Eq. ͑3͒ is a fictitious growth rate, it really only measures instability. A correct form of the inertia operator that includes contributions from toroidal and poloidal displacements is 
͑A1͒
If this is followed through to the variational expression in ballooning space, Eq. ͑18͒, we modify the inertial term: ͪ .
͑C7͒
The asymptotic behavior of J mϪp in the WKB limit, 2/ 1 ӷ1, shows that the c m decay exponentially for ͉m͉ Ͼ2/ 1 ӷ1 and that adjacent c m have the same sign for large positive m, while they alternate for large negative m. 24 
